SURJECTIVITY OF THE TOTAL CLIFFORD INVARIANT 
AND BRAUER DIMENSION 

ASHER AUEL 

Abstract. Merkurjev's theorem — the statement that the 2-torsion of the 
Brauer group is represented by Clifford algebras of quadratic forms — is in 
general false when the base is no longer a field. The work of Parimala, 
Scharlau, and Sridharan proves the existence of smooth complete curves over 
local fields for which Merkurjev's theorem is equivalent to the existence of a 
rational thcta characteristic. Here we prove that on regular curves over local 
fields or surfaces over finite fields, replacing the Witt group by the total Witt 
group of line bundle-valued quadratic forms recovers Merkurjev's theorem: 
the 2-torsion of the Brauer group is represented by Clifford algebras of line 
bundle- valued quadratic forms. 



Introduction 

A consequence of Merkurjev's celebrated result [Mer81] — settling the degree 
2 case of the Milnor conjecture — is that every Brauer class of period 2 over a 
field of characteristic 7^ 2 is represented by the Clifford algebra of some even 
dimensional quadratic form. There are many alternate proofs of "Merkurjev's 
theorem" [Ara84], [Mer06], [Wad86], [EKM08, VIII], and it retains its status as 
one of the great breakthroughs in the theory of quadratic forms in the second 
half of the 20th century. 

There have been many investigations into the validity of aspects of the Milnor 
conjecture over more general rings. For example, see [Gui89, §3], [EVMS02], 
[H00O6], and [KMS07], [Ker09] for a Milnor if -theoretic perspective. See [PS92], 
[ParOO], [Mor05], and [Gil07], for a Witt group perspective. In this context, 
Alex Hahn asked if there exists a commutative ring R over which Merkurjev's 
theorem — stated for the Witt group of regular quadratic forms over R — doesn't 
hold. The surprising results of Parimala, Scharlau, and Sridharan [PS94a], 
[PS92], [PS94b], show that there exist smooth complete curves X over local 
fields such that the analogue of Merkurjev's theorem for X fails. These examples 
are also used to construct affine schemes over which Merkurjev's theorem does 
not hold, thus answering Alex Hahn's original question. 
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In this work we show that even when not all Brauer classes of period 2 over 
a given scheme X can be represented by Clifford algebras of regular quadratic 
forms over X, they may be represented by Clifford algebras of regular line 
bundle- valued quadratic forms. Let W tot (X) be the total quadratic Witt group 
of line bundle-valued quadratic forms (see §1.2 for definitions and precautions) 
and let J t 2 ot (X) be the subgroup generated by line bundle- valued quadratic forms 
of even rank and trivial discriminant. We construct (Proposition 1.5) a natural 
group homomorphism e 2 : 7 2 ot (X) — > 2Br(X) generalizing the classical Clifford 
invariant, which we call the total Clifford invariant. Our main result is the 
following. 

Theorem (Corollary 3.7). Let X be a regular integral curve over a local field (of 
characteristic ^ 2) or surface over a finite field (of odd characteristic). Then 
the total Clifford invariant 

e 2 : J 2 ot (X) 2 Br(X) 

is surjective. 

In the proof (which is contained in §3), we use results of Saltman [Sal97] and 
Lieblich [Liell] on the "Brauer dimension" of function fields of curves over local 
fields and surfaces over finite fields, respectively. Together with a purity result 
for division algebras on surfaces (found for example, in the preprint [OP05, 
Thm. 1.1]), we reduce the problem to a question about Azumaya algebras of 
degree dividing 4. At this point, we make use of the work of Knus, Ojanguren, 
Parimala, Paques, and Sridharan [KOS78], [KP85], [Knu88], [KPS86], [KPS89], 
and [BK94] (also see [KMRT98, IV §15]), on the exceptional isomorphisms of 
Dynkin diagrams A 2 = D 2 and A 3 = D 3 , which provide beautiful constructions 
of line bundle-valued quadratic forms with specified even Clifford algebras. 

History. The notion of a line bundle-valued quadratic form on X appeared 
simultaneous in many different contexts back in the early 1970s. Geyer-Harder- 
Knebusch-Scharlau [GHKS70] introduced the notion of symmetric bilinear forms 
with values in the module of Kahler differentials over a global function field. 
This notion enabled a consistent choice of local traces in order to generalize 
residue theorems to nonrational function fields. For a smooth complete alge- 
braic curve X, Mumford [Mum71] introduced the notion of locally free &x~ 
modules with pairings taking values in the sheaf of differentials ux to study 
theta characteristics. Kanzaki [Kan71] introduced the notion of a Witt group 
of quadratic forms with values in an invertible over a commutative ring. Salt- 
man [Sal78, Thm. 4.2] showed that involutions on Azumaya algebras naturally 
led to the consideration of line bundle- valued bilinear forms. 
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In his thesis, Bichsel [Bic85] (reported in [BK94]) constructs an even Clifford 
algebra of a line bundle-valued form over an affine scheme. This was later 
used in [PS94c], [Bal07], and [VoilO]. Kapranov [Kap88, §4.1] considered the 
homogeneous Clifford algebra of a quadratic form — the same as the generalized 
Clifford algebra (in the sense [BK94]) or the graded Clifford algebra (in the sense 
of [Cv093]) — to study the derived category of projective quadrics and quadric 
fibrations. With respect to Clifford algebras, line bundle-valued quadratic forms 
behave much like Azumaya algebras with orthogonal involution. In particular, 
there is no "full" Clifford algebra, only an even part together with a bimodule. 
Thus as in the case of algebras with orthogonal involution, there is no usual 
Clifford invariant, but an invariant over the discriminant cover, or a pair of 
invariants if the discriminant is trivial. The construction of invariants in etale 
cohomology capturing the even Clifford algebra of a line bundle- valued quadratic 
form appears in [Aue09], [Auella]. 
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1. Clifford invariant of a line bundle- valued quadratic form 
Let X be a separated noetherian scheme and S£ an invertible (^-module. 

1.1. Line bundle- valued quadratic forms. A (line bundle-valued) symmet- 
ric bilinear form on A is a triple (£, b, J?f), where $ is a locally free ^x- m odule 
of finite rank and b : S 2 <§ — > is an <£?x- m odule morphism. A (line bundle- 
valued) quadratic form on A is a triple (£,q,JZ > ), where £ is a locally free 
^x-module and q : £ — > is an quadratic morphism of sheaves such that the 
associated morphism of sheaves b q : S 2 £ — > defined on sections by 

b q {yw) = q(v + w) — q(v) — q(w) 

is an ^x- m odule morphism, and in this case, b q is called the associated sym- 
metric bilinear form to q. Equivalently, q defines an €?x- m odule morphism 
q : S 2 £ — > J??, see [Swa85, Lemma 2.1] or [Auella, Lemma 1.1]. Here S 2 £ 



4 



ASHER AUEL 



and S2S denote the second symmetric power and submodule of symmetric sec- 
ond tensors of $ , respectively. We will mostly dispense with the title "line 
bundle- valued." 

An symmetric bilinear form {$ , b, Jzf) is regular if the canonical adjoint ipt, : 
$ — > Jtf'om^ , J£) is an i^x-module isomorphism. An quadratic form is regular 
if b q is regular. Since we will assume that 2 is invertible on X, we can pass back 
and forth between quadratic and symmetric bilinear forms on X. 

A similarity between symmetric bilinear (<?, b, Jzf) and (<£", b', Jzf') or qua- 
dratic forms Jzf) and (<f, g', Jzf' ) is a pair (<fi,X) consisting of (^x-module 
isomorphisms tp : $ — > $ ' and A : Jzf — > Jzf' such that either of the following 
diagrams, 

S 2 S Jzf <T — ^ ^ 



S 2 ^ 



.V 



A f 



<-l 



S 2 <g' <$' — Jzf' 

of commute, respectively. Note that the commutativity of the diagrams (1) take 
on the familiar formula b'(ip(v),ip(w)) = A o b{y,w) and q'((p(v)) = A o q(v) on 
sections. A similarity transformation (if, A) is an isometry if Jzf = Jzf' and A is 
the identity map. 

Denote by GO(<f, q, Jzf) (resp. 0(<f, g, Jzf)) the presheaf, on the large etale 
site X &tl of similitudes (resp. isometries) of a regular quadratic form (<f , g, Jzf). 
In fact, this is a sheaf and is representable by a smooth affine reductive group 
schemes over X. See [DG70, II. 1.2.6, III. 5. 2. 3]). Here we consider reductive 
group schemes whose fibers are not necessarily geometrically integral, in contrast 
to [SGA64, XIX. 2]. Even though these sheaves of groups are representable by 
schemes over X, we will still think of them as sheaves of groups on 

Define the projective similarity class of a quadratic form g, Jzf) to be the 
set of similarity classes of quadratic forms [jV ® <f, qjs ® q, ^V® 2 ® Jzf) ranging 
over all regular bilinear forms [jV y q^y, ^Y® 2 ') of rank 1 on X. In [BC11], this 
is referred to clS db lax- similarity class. 

1.2. Total Witt groups. One must be careful when working with "total" Witt 
groups. Denote by W(X, Jzf) the (quadratic) Witt group of regular Jzf-valued 
quadratic forms on X. We usually write W(X) = W(X, @x)- Every Witt class 
can be represented by a regular quadratic form, see [Kne77, §5] . With respect to 
a choice of representative invertible sheaves P = {Jzf} of the group Pic(AT)/2, we 
define the total (quadratic) Witt group W tot (X) = ®^ £P W(X, Jzf). While this 
group is only defined up to non-canonical isomorphisms depending on our choice 
of representatives, none of our cohomological invariants will depend on such 
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isomorphisms. More importantly, we will not consider any ring structure on this 
group. Thus we will not need to descend into the most important considerations 
of [BC11]. Indeed, if if is a fixed abelian group, then for each invertible Jzf 
we will only consider maps e% : W(X,Jf) — > H such that for any quadratic 
alignment A = {jV ', <j)) (i.e. an (^-module isomorphism <j) : jV® 2 <g> Jzf — > Jzf ') 
there's a commutative diagram 

AO 

W(X, SF) H 

of abelian groups, where A : (<f, qsJrf) H- [jV ® $ , o [q^ <g> q),JZ") and 
where (^V, q^f, <yV® 2 ) is the canonical squaring form. We say that such ho- 
momorphisms e% are projective similarity class invariants. Clearly, one could 
axiomatize such homomorphisms as morphisms of functors compatible with qua- 
dratic alignments. Finally, the homomorphism e = @%^pe% : W to t{X) — > H 
is well-defined for any choice P of representatives of Pic(X)/2 and any system 
{ e _^}i?eP °f projective similarity class invariants. A yet unhappy reader may 
simply replace "e : W tot (X) — > H is surjective" by "for each h e H, there exists 
an invertible (^-module Jzf and a class q G W(X,Jif) such that e^(q) = h" . 

Denote by I X (X, Jzf) C W(X,Jf) the subgroup generated by forms of even 
rank and I^X) = ®j?I l {X, if). If if is not a square in Pic(X) then I\X, Jzf) = 
W(X,J5f), see [Auella, Lemma 1.6] for example. Thus, the rank modulo 2 ho- 
momorphism 

e° : W tot (X) Z/2Z 

has kernel exactly the subgroup l£ ot (X). Clearly e° is a projective similarity 
class invariant. 

1.3. Even Clifford algebra. In his thesis, Bichsel [Bic85] constructed an even 
Clifford algebra of a line bundle-valued quadratic form on an affine scheme. 
Alternate constructions are given in [BK94], [Cv093], and [PS94c, §4], which 
are all detailed in [Auella, §1.8]. 

Following [KMRT98, II Lemma 8.1], we can directly define the even Clifford 
algebra of a line bundle- valued quadratic form {$ , q, Jzf) on X as follows. Define 
ideals and J*2 of the tensor algebra T{$ ®S® Jzf v ) to be locally generated 
by 

v <g) v <g) / — f(q(v )), and u ® v ® f v ® w g — f(q(v)) u ® w <g> g, 
respectively, for sections u, v, w of $ and /, g of Jzf v . Then 
%(<?, q, Jzf) = T(<f ® <f ® + 
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By its tensorial construction, the even Clifford algebra has a universal property 
with respect to (^-module morphisms $ (g) $ ® v — > to an (^--algebra stf 
corresponding to the above two kinds of defining relations (cf. [MahlO, §3] over 
a field). 

The following list of properties of the even Clifford algebra are all proved by 
descent, using the corresponding properties of classical Clifford algebras. 

Proposition 1.1. Let (<f,g,«5f) be a regular quadratic form of rank n on a 
scheme X . Write n = 2m or n = 2m + 1. 

a) If n is odd, c too(£ : , q, J£) is a central 6 'x- algebra. If n is even, the cen- 
ter 2£{£ \q,J?) of , q, J£) is an Stale quadratic 6 \-algebra (i.e. the 
morphism f : Z = Spec 3? — > X is etale quadratic) . 

b) If n is odd, ^((S ,q, J£) is an Azumaya ffx-algebra of degree 2 m . If n 
is even, \q, J*f) gives rise to an Azumaya 'z- algebra ',q, J£) of 
rank 2 m ~ 1 

c) There is a canonical morphism of locally free @x -modules 

i : S®S®^ y -+<go(g,q,&) 

and a unique canonical involution r of c tf (£',q,J??) that restricts to the 
naive switch map on (the first two tensor factors of) $ <g> § <g) J?? v . 

d) Any similarity (<p, A) : [S,q, Jz?) —> (^',q',Jf') induces an & x - algebra 
isomorphism 

%(<p, A) : <€*(g, q, J?) q\ J?'). 

e) Any quadratic alignment A = {jV , cf)), with <fi : ,jV® 2 <g> J?f — > Jz?' ; induces 
an <@x -algebra isomorphism 

%(A°) :V (£,q,£>) ®g,(j> o(q^®q), &'). 

f) For any morphism of schemes g : X' — > X, there's a canonical 6 ' x -module 
isomorphism 

Definition 1.2. Let {$ , q, Jzf ) be a quadratic form of even rank on X, 3f($, q, J£) 
the center of its even Clifford algebra, and Z = Spec q, Jzf). We call 
/ : Z — > X the discriminant cover of ($, q, It is etale quadratic if ($, q, Jzf) 
is regular, and in this case, the X-algebra isomorphism class of the discriminant 
cover in Hf t (X, Z/2Z) is called the discriminant invariant d{$,q,££\ 

Remark 1.3. When 2 is invertible on X, and ($,q,5?) is a regular quadratic 
form of rank n = 2m, the ^--algebra q, S£~) is generated by the signed 

discriminant module det $ <S> (j£f v )® m (defined in [PS94c, §4]) of the associated 
symmetric bilinear form b q , see also [Auella, §1.9]. 
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Denote by I 2 (X, Jz?) C J 1 ^, Jzf) the subgroup generated by forms of trivial 
discriminant invariant and I 2 ot (X) = (B^^pI 2 {X, Jz? ). The discriminant invari- 
ant defines a group homomorphism 

e 1 : lUX) ^ Hl t (X,Z/2Z) 

with I 2 ot (X) C ker(e 1 ). By Proposition l.le), e 1 is a projective similarity class 
invariant. 

Remark 1.4. The quotient group ker(e 1 )/I 2 ot (X) is generated by elements of 
the form (<f,g,Jz?) — (£",q',J£"), where both q and q' have equal nontrivial 
discriminant invariant and yet Jz? and Jzf' are in different square classes. 

1.4. Total Clifford invariant. For a regular quadratic form (<f , q, Jzf) of even 
rank n = 2m and trivial discriminant on X, the even Clifford algebra de- 
composes as a product of Azumaya ^-algebras ', q, Jzf) = ^^{(S, q, Jzf) x 
^o~(<f, q, Jzf) upon choosing a splitting idempotent giving rise to an ^-algebra 
isomorphism 2?(g, q,Jf) = G x x G X - 

For m odd, ^ + (^' *?> =^0 — ^o~(^) 9> =^)° P ; while for m even, there are refined 
classes [^(^ , q, Jzf), r<f] G H? t (X,fi 2 ) satisfying 

K + (^,g,^),r + ] + [«r -(^,g,jSf),r -] = Cl (J^> 2 ) 

see [Auella, §2.8, §3.4]. In any case, we have 

[^ + (<f,g, Jz^)] = \%{S,q^)\ G 2 Br(X) 

since 1st Chern classes are in the kernel of the map H 2 t (X, ^ 2 ) — > 2Br(X). 

Proposition 1.5. There exists a system {e 2 ^} of projective similarity class 
invariants giving rise to a group homomorphism 

e 2 : J 2 ot (X) -> 2 Br(X) 

such that for every regular quadratic form {$ , q, Jz?) of even rank and trivial 
discriminant, we have e 2 {& ', q, Jzf) = ^^{S, q, =£?)] . We call it the total Clifford 
invariant. 

Proof. Every element x G 7 2 (X, Jzf) can be represented by a regular quadratic 
form {£,q, Jzf) of even rank and trivial discriminant. We then define e%(x) = 
q, Jz?)] G 2 Br(X), the Brauer class being independent of the choice of 
splitting of the center. To check that this is well-defined, we need to show that 
[V+((£,q,J?) 1 ifsr(r))] = in 2 Br(X) for any locally free G x - 

module where H#(y) is the Jzf-valued hyperbolic space with lagrangian Y. 
By the splitting principle (since the Clifford algebra is functorial for pullbacks), 
we can reduce to the case of "V of rank 1. 
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A direct calculation show that there's an ^"-algebra isomorphism 

where V is an invertible ^-module, ^ = 1fo(£,q,Sf), and % = , q, 3f) 
is the Clifford module (see [BK94] or [Auella, §4.1] for a definition). Under 
a choice of splitting ^ = x and the induced module decomposition 
^ + x "iff, there's an ^x-algebra isomorphism 

% (((£, g, jSf) J_ ffsr (r)) = ^n^+ (^ + © ^ v <g> x Snd^ (%~ © f v ® <*ff). 

In particular, ^"((fp 1 , g, Jzf ) _L H^>(Y)) is Brauer equivalent to ^ + (<f , g, Jzf). 

Finally, by Proposition 1.1 ej, the even Clifford algebra is a projective simi- 
larity class invariant (hence so is the Brauer class of ^ + )- ^ 

Remark 1.6. The invariant : / 2 (A) = I 2 (X, &x) 2Br(X) coincides with 
the classical Clifford invariant map. Indeed, if (<f, q) is a regular <^x-valued 
quadratic form of even rank and trivial discriminant then ^ + (<f,g) is Brauer 
equivalent to the full Clifford algebra ^(<f,g). See also [Auella, Thm. 2.10&/]. 
It was already proved in [K091] that the full Clifford algebra yields an invariant 
W(X) -> 2 Br(X). 

2. NON-SURJECTIVITY OF THE CLIFFORD INVARIANT 

In this section, we will outline how the counterexamples to Merkurjev's 
theorem — constructed using the work of Parimala, Sridharan, and Scharlau 
[PS92], [PS94a], [PS94b] — fit into the context of the unramified Milnor question. 

2.1. Unramified Milnor question. In this section, we gather together re- 
sults on unramified cohomology and the unramified Witt group. A functo- 
rial framework for the notion of "unramified element" is established in Colliot- 
Thelene [CT95, §2]. See also the survey by Zainoulline [ZailO, §3]. Rost [Ros96, 
Rem. 5.2] gives a different perspective in terms of cycle modules, also see Morel 
[Mor05, §2]. Assume that X has finite Krull dimension and is equidimensional. 
For simplicity of exposition, assume that X is integral with function field K. 
Denote by X® its set of codimension i points. 

Denote by Local the category of local rings together with local homomor- 
phisms and by Ab the category of N-graded abelian groups. Given a functor 
M : Local -> Ab, define 

M ur (X)= p| (M(^, x ) M{K)) 
xexm 

to be the group of unramified elements of M over X. In the terminology of 
[CT95], these are the unramified in codimension one elements. 
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Denote by Sch the category of schemes. Given a functor M : Sch — > Ab, 
there is a natural map M(X) — > M nr (X). If this map is injective, surjective, 
or bijective we say that the injectivity, weak purity, or purity property hold, 
respectively. Whether these properties hold for various functors M is the subject 
of many conjectures and open problems see [CT95, §2.2] for examples. 

Unramified cohomology. For n > 0, define the unramified etale cohomology 
(modulo 2) of X to be the abelian group of unramified elements H™ r (X, Z/2Z) 
of the functor Hg t (—, Z/2Z). Letting T-i^t ^ e the Zariski sheaf associated to this 
functor we have T(X, "H" t ) = H™ r (X, Z/2Z) when X is smooth over a field of 
characteristic ^ 2 by the exactness of the Gersten complex for etale cohomology, 
see Bloch-Ogus [B074, §2.1, Thm. 4.2]. 

Unramified fundamental filtration of the Witt group. Define the unramified Witt 
group of X to be the abelian group of unramified elements W UT (X) of the Witt 
group functor W. Let W be the Zariski sheaf associated to the Witt group 
functor. If X is regular over a field of characteristic ^ 2 then W UT (X) = T(X, W) 
by Ojanguren-Panin [OP99] (also see Morel [Mor05, Thm. 2.2]). For n > 0, 
write II {X) = I n {F{X)) n W m (X). 

Remark 2.1. The notation I™ T (X) does not necessarily mean the nth power of 
I UT (X). This is true, however, when X is the spectrum of a regular local ring 
containing an infinite field of characteristic ^ 2, see [KMS07, Cor. 0.5]. 

By the veracity of the Milnor conjecture for fields (due to [Voe03]), there exist 
higher cohomological invariant homomorphisms 

which factor through to homomorphisms e" r : /™ r (X)//^ r +1 (X) — > H™ T (X), see 
[PS92]. 

Question 2.2 ("Unramified Milnor question" [PS92, Question Q]). Given a 
regular scheme X with 2 invertible, are the homomorphisms 

e n m : C(X)/C +1 (X) -> Hl{X) 

isomorphisms of abelian groups ? 

Remark 2.3. There is an incorrect assertion in [Gil07, §10.7] and [ParOO, §5] 
that the unramified Milnor conjecture holds over any smooth integral scheme 
X over a field k of characteristic ^ 2. The overlooked point in these texts is 
that 7" r (X)//™ r +1 (X) only injects into (but does not in general coincide with) 
the 0th homology of the Gersten complex 

I n (k(X))/I n+1 (k(X)) A I n -\k{x))/I n {k{x))^--- 
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for the graded fundamental filtration of the Witt group. By the Milnor con- 
jecture for fields (and the compatibility of residue maps found in [PS92, §1.4]), 
this Gersten complex is isomorphic to the Bloch-Ogus resolution of H™ r (X), 
showing that e" r : I™ r (X) / (X) — > H^(X) is injective. This last point is 
also pointed out in [Par88, §1, p. 949]. An explicit counter example is provided 
in Example 2.9. 

Purity. For a survey on purity results for Witt groups, see Zainoulline [ZailO]. 
For X a regular integral noetherian scheme with 2 invertible, purity holds for 
the Witt group under the following hypotheses: 

a) X is dimension < 3, 

b) X is the spectrum of a local ring of dimension < 4, 

c) X is the spectrum of a local ring containing a field. 

For a), the case of dimension < 2 is due to Colliot-Thelene-Sansuc [CTS79, 
Cor. 2.5], the case of dimension 3 and X affine is due to Ojanguren-Parimala- 
Sridharan-Suresh [OPSS99], and for the general well as b), see Balmer- 

Walter [BW02]. For c), see Ojanguren-Panin [OP99]. 

For X a geometrically locally factorial integral scheme, the purity property 
holds for unramified cohomology in degree < 1, i.e. 

Hg(X, Z/2Z) = H° m .(X, Z/2Z) = Z/2Z, Hl t (X, = H^X, /x 2 ) 

see Colliot-Thelene-Sansuc [CTS78, Cor. 3.2, Prop. 4.1]. For X smooth over 
a field of characteristic ^ 2, we have 2 Br(X) = iJ 2 r (X, /x 2 ) by Bloch-Ogus 
[B074]. 

Negative answers to the unramified Milnor question. Let X be a smooth 
integral variety satisfying purity for the Witt group over a field k of characteristic 
h / 2. Then the global and unramified classical invariants coincide to yield 
surjections 

e° = e ur : W(X) = W UI (X) -»■ Z/2Z = H^(X, Z/2Z) 

and 

e 1 = el : l\X) = J ur (X) -+ fl£(X,Z/2Z) = ^ r (X,Z/2Z) 
and a homomorphism 

e 2 = e 2 uv : l\X) = I 2 m .(X) -> 2 Br(X) = Hl(X, Z/2Z), 

see also [PS92, §1.6] and [PS94b, §2]. 

Remark 2.4. Let d = dim(X). If cd 2 (k) < 3 — d, then e^ r is an isomorphism 
for n > 3. In this case, the unramified Milnor question is equivalent to the 
surjectivity of e 2 = e 2 r . 
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The following notion is useful when studying the unramified Milnor question 
over curves. 

Definition 2.5 (Parimala-Sridharan [PS92]). A scheme X over a field k has 
the extension property for quadratic forms if there exists Xq G X(k) such that 
every regular ^x-valued quadratic form on X \ {xq} is a restriction from X. 
Equivalently, the restriction map I 2 (X) — > J 2 (X\{xo}) is surjective (see [PS92, 
Proof of Thm. 4.4]). 

Proposition 2.6 (Parimala-Sridharan [PS92, Lemma 4.3]). Let k be a field of 
characteristic ^ 2 and of cd 2 (k) < 2 and let X be a smooth integral k-curve. 
Then the unramified Milnor conjecture holds over X if and only if X has the 
extension property for quadratic forms. 

The extension property is guaranteed when a residue theorem holds for the 
Witt group. The reside theorem for X = P 1 is due to Milnor [Mil70, §5]. For 
nonrational curves, the choices of local uniformizers inherent in defining the 
residue maps are eliminated by considering quadratic forms with values in the 
canonical bundle oox/k- 

Theorem 2.7 (Geyer-Harder-Knebusch-Scharlau [GHKS70]). Let X be a smooth 
proper integral curve over a field k of characteristic ^ 2. Then there is a canon- 
ical complex 

^W(X,u x/k ) ^W(k(X),u k{x)/k ) 4 W(k(x),u k{x)/k )^W(k)^0 

yielding a residue theorem for the Witt group W(X,ux/k) ■ 

A relative version of this theorem also holds, see [Fas08, Cor. 8.3.3]. Any 
choice of quadratic alignment (p : jV® 2 = ujx/k induces a group isomorphism 
W(X) — > W(X,u)x/k)- Thus in particular, if ux/k is a square in Pic(X), then 
X has the extension property. The converse holds for hyperelliptic curves over 
local fields. 

Theorem 2.8 (Parimala-Sridharan [PS94b, Thm. 3]). Let k be a local field of 
characteristic ^ 2 and X a smooth integral hyperelliptic k-curve of genus > 2 
with X(k) 7^ 0. Then the unramified Milnor conjecture holds over X if and only 
if ujx/k is a square. 

Example 2.9 (Parimala-Sridharan [PS94b]). Let X be the smooth proper 
hyperelliptic curve over Q 3 with affine model y 2 = (t 2 -3)(t 4 +t 3 +t 2 +t+l). The 
point (y, t) = 2) is a Q 3 -rational point of X. One can show using [PS94a, 

Thm. 2.4] that u)x/k is n ot a square. Hence by Theorem 2.8, the unramified 
Milnor conjecture does not hold for X. 
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3. SURJECTIVITY OF THE TOTAL CLIFFORD INVARIANT 

The goal of this section is to prove the main result of this work. 

3.1. Exceptional isomorphisms. The exceptional isomorphisms of Dynkin 
diagrams = D 2 and A 3 = D 3 have beautiful reverberations in the theory of 
quadratic forms of rank 4 and 6, respectively. In these ranks, the reduced norm 
and reduced pfafEan enable a quadratic form to be reconstructed from its even 
Clifford algebra (together with certain data). For quadratic forms over rings, 
this theory was initiated by Kneser, Knus, Ojanguren, Parimala, Paques, and 
Sridharan, see [Kne82], [KOS78], [KP85], [Knu88], [KPS86], [KPS89]. Now, a 
standard reference on this work is Knus [Knu91, Ch. V]. Over fields, a wonder- 
ful reference is [KMRT98, IV §15]. Bichsel [Bic85] and Bichsel-Knus [BK94] 
provide an extension of this theory to line bundle-valued forms over rings. The 
existing theory over rings immediately generalizes to base schemes when the 
corresponding algebraic groups are of inner type (i.e. the case of trivial discrim- 
inant). For an approach over general bases using Severi-Brauer schemes, see 
[PS94c]. In the general case (i.e. general discriminant), the details are worked 
out in [Auellb]. 

The main result of this theory that we need is the following. For n = 2m 
even, denote by PQF^(X) the set of projective similarity classes of regular line 
bundle-valued quadratic forms of rank n and trivial discriminant on X and by 
2Az n (X) the set of isomorphism classes of Azumaya <^x-algebras of degree n 
and period 2. 

The assignment, taking the i^x-algebra isomorphism classes of the two com- 
ponents (^ + (<f, q, J?f), ^ ~(^, q, J£?)) of the even Clifford algebra (with respect 
to some splitting idempotent), yields a well-defined map 

<:PQF+(X)^ 2 Azg„ 2 (X) 

where {— }^ denotes the set of unordered pairs of elements. 

For m odd, the restriction of the canonical Clifford involution to the even 
Clifford algebra is of unitary type. In particular, we have an ^^-algebra isomor- 
phism q, Jgf) q, JSf) and hence 2 Azf2_ 2 (X) = 2 Az<,° m p 2 2 (X) where 
{— }(°p) denotes the set of equivalence classes under the relation £/ ~ £f op . 
Hence for m odd, we can replace the map by the map 

^ + :PQF+(X)^ 2 Az(° m p 2 2 (X), 

taking the isomorphism class of just one component on the even Clifford algebra. 

The main result we'll need is that for n = 4, 6 these are bijections, with 
inverse maps realized via the reduced norm and pfaffian constructions outlined 
in [KPS89], [Knu91, V.4-5], [PS94c]. 
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Theorem 3.1. Let X be a scheme with 2 invertible. 

a) There are inverse bijections 

PQF+(X) — 2 k^\x) 

■JV 

where JV is the reduced norm construction. 

b) There are inverse bijections 

PQF+(X)^ 2 Azi op) (X) 

where £?f is the reduced pfafEan construction. 

Proof. A direct proof of a) can be deduced from [PS94c, Prop. 4.1] (which is a 
generalization of [BK94, Prop. 4.5]), where it is shown that if $ is an invertible 
right .^/-module for an Azumaya quaternion ^-algebra s# (corresponding to 
an element Snd.^{S)] G 2Az 2 (X)), then the even Clifford algebra of the 
reduced norm form of S is isomorphic to srf x Snd^iS"). Hence jY and 
are inverse maps. This is a generalization of [KPS89, Thm. 10.7] to the line 
bundle-valued (trivial discriminant) setting. 

A direct proof of b) can be given along similar lines using an easy generaliza- 
tion of [BK94, Prop. 4.8], which states that if $, if) is a choice of 2-torsion 
datum of degree 4 (i.e. stf is an Azumaya ^x-algebra of degree 4, $ is a locally 
free ^-module of rank 16, and tp : srf ®stf —> $nd($) is an ^x-algebra isomor- 
phism) corresponding to the element \sf\ G 2Az4° p ' ) (X), then the even Clifford 
algebra of its reduced pfaffian form is isomorphic to =e/ op x Snd^o V {$ ) . Hence 
@f and are inverse maps. This is a generalization of [KPS89, Thm. 9.4] to 
the line bundle-valued setting. □ 

As a result, we can realize any Azumaya ^x-algebra of degree dividing 4 as the 
even Clifford invariant of a line bundle-valued quadratic form. In particular, if 
2 Br(A) is generated by such Azumaya algebras, then the total Clifford invariant 
is surjective. 

Corollary 3.2. Let X be a scheme with 2 invertible. If ^Br(X) is generated by 
Azumaya algebras of degree < 4, then the total Clifford invariant 

e 2 : IL(X) 2 Br(A) 

is surjective. 

In the same spirit, we can give a stronger condition sufficient for the surjec- 
tivity of the classical Clifford invariant e\ : I 2 {X) — > 2 Br(X). First we recall 
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some results from [KPS89]. For &/ G 2 Az 4 (X), the class [jSf] G Pic(X)/2 of the 
value line bundle ££ of the reduced pfaffian form 8Pf(s$) is a well defined class 
d («O G Pic(X)/2, see [KPS89, §9, p. 213]. When d (^) is trivial we say that 
s/ has trivial pfaffian invariant. Clearly, &/ has trivial pfaffian invariant if and 
only if a line bundle- valued quadratic form of rank 6 representing the projective 
similarity class of &f(s?/) can be choosen with values in &x- 

Proposition 3.3 ([KPS89, Prop. 3.2]). Let X be a scheme with 2 invertible and 
s>/ G 2 Az 4 (A). If s/ has an involution of the first kind then do(£/) is 2-torsion. 
Moreover, if stf has a symplectic involution then d (^/) is trivial. 

Corollary 3.4. Let X be a scheme with 2 invertible. If 2Bv(X) is generated by 
Azumaya algebras of degree 4 with trivial pfaffian invariant, then the classical 
Clifford invariant 

e 2 &x : I 2 {X) 2 Br(X) 

is surjective. In particular this is the case if 2 Br(X) is generated by Azumaya 
quaternion algebras. 

Proof. We first remark that any s/ G 2 Az 4 (X) of index 2 is Brauer equivalent 
to s?/' G 2 Az 4 (AT) with trivial pfaffian invariant. Indeed, by Morita theory, 
s>/ = $nd<%(88) for some Azumaya ^x-algebra 88 of degree 2 (i.e. an Azumaya 
quaternion algebra) and some locally free ^-module & of rank 2. In this case, 
s$ is Brauer equivalent to 88. Now we can extend the standard symplectic 
involution on 88 to s/' = ^2(8$), which then has trivial pfaffian invariant by 
Proposition 3.3. We note that the reduced norm form Nrd^ : 88 — > &x is a 
regular ffx- valued quadratic form in I 2 {X) with e 2 (Nrd,^) = [88], by Theorem 
3.1a. This already proves the final claim. 

In general, as remarked above, if stf G 2 Az 4 (X) has trivial pfaffian invariant, 
then there exists an ^x-valued quadratic form {$ , q) in the projective similarity 
class of 88f(s/). By Theorem 3.16, we have that e 2 (<f, q) = [sf]. The first claim 
then follows. □ 

3.2. Brauer dimension results. Now we investigate sufficient conditions un- 
der which 2 Br(X) is generated by Azumaya algebras of degree dividing 4. Let 
X be an integral scheme with function field K. An Azumaya ^x-algebra s/ is 
called an Azumaya division algebra if the generic fiber s/k is a central division 
A'-algebra. Recall the notions of period and index of a central simple A-algebra. 
We introduce two conditions on an integral scheme X with function field K: 
A Every central division A-algebra of period 2 and degree dividing 4, which 
is Brauer equivalent to the generic fiber of an Azumaya i^-algebra, is 
isomorphic to the generic fiber of an Azumaya division ^-algebra. 
B Every s/ G 2 Br(A) satisfies ind^i^lper^^) 2 . 
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Condition A is a kind of "purity for division algebras" of period 2 and degree 
dividing 4. Condition B might be restated loosely as U X has Brauer dimension 
2" for classes of period 2. See [ABGV11, §4] for the precise notion of Brauer 
dimension. 

Lemma 3.5. Let X be a regular integral scheme with 2 invertible. If X satisfies 
conditions A and B, then 2 Br(X) is generated by Azumaya algebras of degree 
dividing 4- 

Proof. Since X is regular, the canonical map Br(A") — > Br(A) is injective, see 
[Gro68, Cor. 1.8]. By condition B, for any stf G 2 Br(X), we have that s^k £ 
2 Br(A) is Brauer equivalent to a central division A-algebra D of degree dividing 
4. By condition A, there exists an Azumaya i^x-algebra SS whose generic fiber is 
D, in particular, SS has degree dividing 4. Since \S@k\ = [D] = \s$k\ G ^x{K\ 
by the injectivity of Br(X) Br (A'), we have that \B8\ = [sf\ G 2 Br(A). Thus 
in fact every class in 2 Br(A) is represented by an Azumaya i^x-algebra of degree 
dividing 4. □ 

We now collect together some necessary conditions under which conditions A 
and B hold. Condition A holds quite generally. 

Theorem 3.6. Any regular integral scheme X of dimension < 2 satisfies con- 
dition A. 

Proof. This result was already proved for curves over fields in [PS95, Lemma 
7.1]. In general, this uses the theory of maximal orders and the patching tech- 
niques from [CTS79]. A complete proof can be found in [OP05, Thm. 1.1]. □ 

As for condition B, it holds in the following cases where the Brauer dimension 
of K is known to be 1: 

• curves over finite fields (by class field theory), 

• surfaces over algebraically closed fields (by de Jong [dJ04]), 

or the Brauer dimension of K is known to be 2: 

• curves over local fields (by Saltman [Sal97]), 

• surfaces over (pseudo-)finite fields (by Lieblich [Liell]). 

Corollary 3.7. Let X be regular integral scheme with 2 invertible. 

a) If X is a curve over a finite field or surface over an algebraically closed 
field, then the classical Clifford invariant e 2 : I 2 (X) — > 2 Br(X) is surjec- 
tive. 

b) If X is a curve over a local field or a surface over a (pseudo-)finite field, 
then the total Clifford invariant e 2 : 7 t 2 ot (A) — > 2 Br(A) is surjective. 
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Proof. This is a direct consequence of Corollaries 3.2 and 3.4, Lemma 3.5, The- 
orem 3.6, and the Brauer dimension results stated above. Note that a) was 
already known: for curves over finite fields by [PS92, Lemma 4.1] and for sur- 
faces over algebraically closed fields by the work of [FC87]. □ 

3.3. A total unramified Milnor conjecture. We are lead to the following 
natural question, which is a generalization of the main results in this work. 

Question 3.8. Let X be a regular integral scheme with 2 invertible. Assume 
that the function field K of X satisfies cd,2(K) < 3. Is the homomorphism 

e 2 : J 2 ot (X) 2 Br(X) 

surjective ? 

Question 3.8 has a positive answer for all schemes appearing in Corollary 
3.7. A positive answer to Question 3.8 brings a scheme closer to satisfying 
an analogue of the Milnor conjecture for the fundamental filtration I 2 ot (X) C 
It ot (X) C Wtat(X) of the total Witt group. By Remark 2.4, there are no higher 
cohomological invariants to consider. We always have the isomorphisms 

e° : W tot /lUX) -> H° m (X) 

and 

e 1 : OkerCe 1 )^^*) 

and now if Question 3.8 has a positive answer for X, then we also have the 
isomorphism 

e 2 :/ t 2 ot // t 3 ot (X)^i/ u 2 r (X) 

where we define I^ ot (X) = ker(e 2 ). The only question remaining is concerning 
the inclusion l£ ot (X) C ker(e 1 ). When are these groups equal? 
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